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[=To+0, S 47, %4r, Byr, dsy
— i
=lo+ [ m2 + G 2 + po3 + pLsm3
al b b
0
up to O(ai) [Jezabek,Kiihn’89; Nir'89 ... ; Gambino et al.05; Melnikov’'08; Biswas,Melnikov’'08; Pak,Czarnecki'08;
Dowling,Piclum,Czarnecki'08]
NEW: O(Oég) [Fael,Schénwald, Steinhauser’20]
a [, I,
up to O(Oés)l [Becher,Boos,Lunghi’07; Alberti,Gambino,Nandi'14; Mannel,Pivovarov,Rosenthal’15]
al,
up to O(Oés)i [Mannel,Pivovarov'19]

a 1/m2, 1/m?, [Dassinger,Mannel, Turczyk'07; Mannel, Turczyk,Uraltsev'10; Mannel,Vos'18; Fael,Mannel,Vos'19]

lepton energy moments and hadronic invariant mass moments
o> fit: compare theory to experiment (Belle,Babar,CDF,CLEO,DELPHI)

[Gambino,Schwanda’14; Alberti,Gambino,Healey,Nandi'15;

2 2 3 3 i A ’
= ’VCb‘ and Mﬂ, /’[/G! pD’ pLS’ mp, Mg Gambino,Healey, Turczyk'16]

important: proper definition of bottom and charm quark masses
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Method — key ideas

m optical theorem

integrate out (¢7) loop

a loop momentum through (¢7) loop: q
1-loop integration over g possible

remaining 0, 1, 2, 3 loops

® asymptotic expansion (geneke smimove7; around W W
Mp &= Mg: § =1 — Mg/ My Dowing Piclum.Czameckiog]

a |k*| ~ myp (hard)
|kH| ~ 0 - mp (ultra-soft) TN

® expansion up to §'2 e 2
AN

a analytic calculation . .
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Method — key ideas

m 1450 5-loop diagrams

a asymptotic expansion cross checked
against asYy [PakSmimov'10]

a automated partial fraction
decomposition: LIMIT errenz0)

a number of 3-loop integrals:
=~ 25000000

a reduction to Mls:
FIRE (smimov.chunarevio] aNd LiteRed jLeeiz

. . - ‘* ~—
m scalar integrals with ,/’, e I O
/ 9
powers up to +12 v @ M\
> interm. expr. ~ 100 GB : :

a number of Mls:
2 |OOpS 3+3, 3-|OOpSZ 20+1 9 [Lee,Smirnov’'10; Fael,Schénwald,Steinhauser'20]
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LO, NLO, NNLO
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LO, NLO, NNLO
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LO, NLO, NNLO AT
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LO, NLO, NNLO
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N3LO: (B X.t0) =g [Xo + Cr pORE (%)”Xn} +... AT
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p - mc/mb uncertainty from difference of
5" and 6'? expansion

Xs(p=0.28) = —68.4+0.3
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Renormalization schemes for quark AT

[\
masses
pole masses: bad convergence behaviour
MS scheme (mp): better but still not good
kinetic scheme: optimal for B decays
G2 |V |2 —\5 —
@ [Bigi,Shifman,Uraltsev,Vainshtein'96] '::> I_Sl ~ 7{427?;' <MB _ /\) (/)\f4Bb:::|Sr:)gnenergy
o
—_ 7 - kinetic energy
a mlgln(u) = m[?S — [/\(M)]pert — % — ... of b quark inside B

meson

[Bigi, Shifman,Uraltsev,Vainshtein'97; 2 loops: Czarnecki,Melnikov,Uraltsev'98; 3 loops: Fael,Schénwald,Steinhauser'20]

Starting point: mgS, m9S

> my: transform to mkln

> me: transform to mkln or mMe(f1c) pe =2GeV,3GeV,...
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Numerical results A“(IT

N2
[(B— Xotv) = ToXo [1 + Y e (2)" Y,,] +0 ( 8
g = a(4)
s — s

2
Y1 erem BO YZBO Yérem /63 Ysﬁo

mgS, m9S —1.72 3.08 —16.17 48.8 —212.1
mEin, mkin —0.94 033 —408 -54 —154
mg, ms(3GeV) | —1.67 —-3.39 -3.85 -97.7 69.1
mgn, me(2GeV) | —1.25 121 -243 -688  67.9

Mp(Mp), Mo(3 GeV) | 3.07 —21.81 3517 —56.7 119.4
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Numerical results A“(IT
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[(B = Xol?) = ToXo |1+ Loy (2)" Vo] + 0 (A?QCD

2
Y1 erem BO YZBO Yérem /Bg Ysﬁo

mgS, m9S —1.72 3.08 —16.17 48.8 —212.1
mEin, mkin —0.94 033 —408 -54 —154
mg, ms(3GeV) | —1.67 —-3.39 -3.85 -97.7 69.1
mgn, me(2GeV) | —1.25 —1.21 —243 688 67.9

Mp(Mp), Mo(3 GeV) | 3.07 —21.81 3517 —56.7 119.4
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Numerical results (2) A“(“

[(B = X,(7) = Mo Xo [1 e () Yn] Lo </\§?ng>
(4)

Qs = O

(B — Xtv)/To =
mgm, mgn 0.633 (1 — 0.066 — 0.018 — 0.007 ) ~ 0.575
mi, ms(3GeV): 0.700(1 —0.116 — 0.035 — 0.010 ) ~ 0.587
mg™, Mc(2GeV): 0.648 (1 —0.087 — 0.018 — 0.0003) ~ 0.580
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Conclusions A“(IT

mwl(b— clp)to Oal)
m expansion around m; ~ my

m good convergence in physical point
my/mp ~ 0.3
kin kin =~
w use m™ and m™ or mg(1c)

a3 corrections < 1%

m reasonable convergence even for m; — 0
e> 3'4 order corrections to (b — u/) and
(™ — e v,0)
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